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ABSTRACT 
This paper presents a micro-modeling computational framework for simulating the tensile 
response and tension stiffening behavior of FRP-strengthened RC elements. The total response of 
strengthened elements is computed based on the local stress transfer mechanisms at the crack plane 
including concrete bridging stress, reinforcing bars stress, FRP stress and the bond stresses at the 
bars-to-concrete and FRP-to-concrete interfaces. The developed model provides the possibility of 
calculating the average response of FRP, reinforcing bars and concrete as well as the crack spacing 
and crack widths. The model, after validation with experimental results, is used for a systematic 
parameter study and development of micromechanics-based relations for calculating the crack 
spacing, FRP critical ratio, debonding strength and effective bond length. Constitutive models are 
also proposed for concrete tension stiffening and average response of steel reinforcing bars in FRP-
strengthened members as the main inputs of smeared crack modeling approaches. 
Keywords: FRP; concrete; tension stiffening; smeared crack; micromechanics; local stress field 
approach.  
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1 Introduction 
Externally Bonded Reinforcement (EBR) with Fiber Reinforced Polymers (FRPs) has been 
extensively used as an effective technique for seismic performance improvement or durability 
enhancement of concrete infrastructure. Extensive experimental, analytical and numerical studies 
have shown the effectiveness of this technique in improving the strength and stiffness of RC 
elements. Although the effect of FRP application and FRP-concrete bond on the ultimate limit 
state (ULS) behavior of strengthened elements have been extensively studied [1,2], their effect on 
the service limit state (SLS) behavior and cracking has received less attention [3–7]. 
The available experimental studies on cracking response of FRP-strengthened RC elements are 
still limited and mostly focused on cracking behavior of RC beams. The available results show 
FRP application affects the stiffness and deformation of the strengthened elements and leads to 
reduction of crack spacing and width [5,8]. The analytical and numerical investigations on this 
subject are also still limited [3,7,9,10] and comprehensive models describing the tension stiffening 
with detailed consideration of micromechanical mechanisms are scarce. As for macro-modeling, 
suitable constitutive models, as the main inputs of smeared crack modeling approaches, are not 
available yet. In a recent study, Yang et al. [11] addressed this issue by proposing new 
formulations, based on theoretical and experimental analysis, for calculating the Poisson’s ratio 
and the softening coefficient in FRP-strengthened RC elements. The average steel and FRP 
response in FRP-strengthened concrete elements, however, still remain unaddressed.  
Prediction of the cracking behavior is a complicated task and, even though that have been 
extensively studied for several years, is still an open issue in the mechanics of RC components. 
Several models have been proposed for modeling the average tensile behavior of reinforcing bars 
and concrete in RC elements [12–17], while the number of recent studies on this subject shows 
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there are still debates on the accuracy of the previous models [4,18–21]. Most of the available 
formulations for prediction of the crack spacing and width have been found to produce 
controversial results depending on the geometry of the specimens and reinforcement type [21]. A 
universal model applicable for a wide range of RC elements and geometries is therefore still 
lacking [20]. In case of FRP-strengthened concrete, considering the involved uncertainties and the 
differences in nonlinear mechanics of RC and FRP-RC elements, the available models for RC 
elements can be used as a starting point. These differences include different geometrical and 
mechanical properties of FRPs compared to reinforcing bars (FRPs show an elastic response with 
a brittle failure at ultimate stress state). Additionally, in contrast to the reinforcing bars, FRP 
debonding usually occurs independent from the FRP anchorage length [22]. 
This paper presents a computational framework for simulating the tensile response of FRP-
strengthened concrete elements based on the local stress field approach [23]. The model considers 
all the local stress transfer mechanisms at the crack plane (in concrete, reinforcing bars and FRP 
sheets and the bond stresses) and the interactions between them through compatibility equations. 
The main outputs of the model are the crack distribution and width, the contribution of different 
mechanisms in the total response of the strengthened element, the average response of FRP and 
reinforcing bars, and the concrete tension stiffening behavior. 
The developed model, after validation with experimental results, is used for performing a 
systematic parameter study and deep investigation of the tensile response of FRP-strengthened RC 
members. This led to proposal of micromechanics-based formulas for crack spacing, FRP 
debonding strength, FRP critical ratio, and effective bond length as well as proposal of constitutive 
models for average response of steel and FRP and for tension stiffening of concrete. The proposed 
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models are then used as the input of numerical models for simulating the nonlinear response of 
two FRP-strengthened RC beams using smeared crack modeling approach.  
2 Mechanics of cracked FRP-strengthened RC tensile members 
Once a FRP-strengthened RC element cracks, the reinforcing bars and FRP sheets become 
activated and contribute to the transmission of stresses along the element. The state of stresses in 
a cracked element can be presented based on local stresses at the crack plane or average stresses 
over the entire element as shown in Fig. 1. Note that it is assumed that the reinforcing bars and 
FRP sheets are placed in a uniform and smeared configuration with reinforcement ratio of sx  and 
FRP , respectively. As only tensile elements are considered here, no shear stresses exist at the crack 
plane and the crack direction is normal to the tensile stresses.  
Reinforcing bars, FRP sheets and concrete bridging stress carry the local stresses at the crack plane 
[24,25]. The interlocking between the crack surfaces results in transmission of some residual 
tensile stresses along the cracked planes. On the other hand, the stresses developed in reinforcing 
bars and FRP sheets are partly transferred to the concrete between adjacent cracks owing to the 
bond stresses at reinforcing bars-concrete and FRP-concrete interfaces, see Fig. 2. The concrete 
tensile stress at the crack plane does not thus drop to zero and shows a tension softening behavior 
[4,24]. The concrete tension softening, in comparison to the bond stresses transferred to concrete, 
is negligible in RC elements with ordinary reinforcement ratio [23]. However, it can have a large 
contribution in the tensile response of lightly reinforced concrete elements and therefore cannot be 
neglected [12]. 
With increasing the stresses, the reinforcing bars yield at the crack plane before the embedded bars 
between two adjacent cracks. This is followed by hardening of reinforcing bars after yielding while 
the other parts may be still in the elastic zone. As a result, the bars’ average stress over the entire 
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element become lower than the bare bars. In case of FRP sheets, the stress can theoretically 
increase until FRP rupture although FRP delamination usually governs the behavior [4,9]. The 
stresses are again higher at the cracked planes in comparison to other locations along the element 
and the average stresses are lower in comparison to bare conditions. 
The computational framework developed in this study considers all the above-mentioned 
mechanisms to simulate the nonlinear tensile response of FRP-strengthened concrete elements. 
3 Constitutive laws 
The adopted constitutive laws are presented and discussed in this section. For the cracked concrete, 
the bridging stress model proposed by Ushida et al. [26] is used. The FRP tensile behavior is 
assumed linear elastic until rupture. The steel reinforcement is assumed to be linear until yielding 
followed by plasticity and strain hardening. The bond behavior between reinforcement and 
concrete is simulated using the bond-slip-strain model proposed in Shima et al. [27]. The effect of 
bond deterioration due to splitting and cracking of the concrete is also integrated in this model. 
For the bond behavior at FRP-concrete interface, the nonlinear bond stress-slip relation proposed 
by Nakaba et al. [28] is used. A brief description of each constitutive law is given next.  
3.1 Concrete bridging stress 
Various linear [29], bilinear [30–32] and exponential models [33] have been proposed in the 
literature for modeling the bridging stresses in concrete [29]. The nonlinear concrete bridging 
stress model proposed by Ushida et al. [26] is selected and used in this study. This model is defined 
by three parameters namely the concrete tensile strength, ft, the crack width, w, and the fracture 
energy of plain concrete, Gf [26]: 
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The crack width is obtained as (ε1-εcr) × crack spacing, where ε1 is the concrete total tensile strain 
and εcr is the concrete cracking strain. As for the fracture energy, Gf, a wide range of analytical 
formulations have been proposed in the literature for calculation of this parameter see e.g. Table 
1. This parameter has been presented as a function of compressive strength and maximum 
aggregate size in some cases, [34,35], and its dependency on the water to cement ratio is also 
considered [36]. CEB-FIP 2010 [37], on the other hand, has considered this parameter as the 
function of compressive strength only. A comparison between these models, Fig. 3, shows that the 
predictions vary significantly for a wide range of concrete properties. Although investigation of 
the accuracy of these models is out of the scope of the presented study, the effect of variation of 
fracture energy on the tension stiffening behavior of FRP-strengthened RC elements is discussed 
in Sec. 5. 
3.2 Local stress transfer along reinforcing bars 
The reinforcing bars-to-concrete bond behavior has been the subject of several numerical, 
analytical and experimental investigations in the literature. Different constitutive laws ranging 
from simple average bond-slip models to more sophisticated models that account for the effect of 
stress level, confinement, and concrete cracking have been proposed [38–42]. The bond-slip-strain 
model proposed in Shima et al. [27] is selected in this study for the simulations. This model takes 
into account the effects of reinforcement diameter, elasticity, strain hardening and stiffness in 
strain hardening zone and has been extensively used in the literature [23,43]. This model is also 
among the few available models that is applicable for both elastic and post-yield ranges of the 
reinforcement behavior. The bond stress in this model is presented as: 
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where τ˳(s) is the intrinsic bond stress when strain is zero, f’c is the concrete compressive strength, 
ε is the bar strain, s is a non-dimensional slip equal to 1000 S/d, d is the bar diameter and S is the 
slip which is computed by integrating over the length of the bar starting from the center line 
between two adjacent cracks, see Fig. 4. Eq. (4) controls the reduction of bond stress in the post 
yielding range. As presented in Fig. 4, by yielding of reinforcing bars at the vicinity of the crack 
plane, the bar strain suddenly increases to the strain hardening zone leading to a drop of the local 
bond stress in the plastic region [23]. 
It is known that the bond performance near the crack plane may deteriorate due to splitting and 
crushing of the concrete around the bars [44]. This effect is accounted here based on the model 
developed by Shin [45] and Qureshi and Maekawa [46]. In this model, the bond deterioration zone 
is equal to 5d from the crack surface and has the following pattern, see Fig. 5: 
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For any given average bar strain and length of reinforcing bar between two adjacent cracks, the 
stress and strain profile along the element can be computed based on the bond stress distribution 
along the reinforcement. The reinforcing bar is initially divided into finite segments. The bond 
stress and slip at the midway between two adjacent cracks are zero, acting as the boundary 
conditions for the first segment, see Fig. 6. Satisfying the equilibrium conditions on a small 
segment along the bar, the following equilibrium equation is derived: 
s
s
s
A
d
dx
d


            )7( 
8 
where dσs/dx is the gradient of steel stress along the bar, d and As are the diameter and the cross 
section area of reinforcing bars respectively and s  is the average bond stress along the segment. 
Assuming the strain value at the middle of the two adjacent cracks, the stress and strain profiles 
can be computed by solving the equilibrium and slip compatibility equations, segment by segment 
along the reinforcing bar. An iterative procedure is necessary for each segment until the 
equilibrium condition is satisfied. The flowchart of the computational procedure is presented in 
Fig. 7. Starting from the first segment at midway between two adjacent cracks and assuming a 
strain increment, the stress and the slip at the other side of the segment and consequently the bond 
stress, are computed. The assumed strain increment is updated following an iterative procedure 
until the obtained stresses satisfy the equilibrium conditions. The computed strain and slip for the 
first segment will be the boundary condition for the next segment. This procedure is followed to 
obtain the stress and strain profile along the reinforcing bar. The details of the computational 
procedure is comprehensively presented in Soltani et al. [23]. 
3.3 Local stress transfer along FRP 
Several bond-slip models have been proposed in the literature for modeling the bond behavior 
between FRP sheets and concrete elements [28,47–49]. The nonlinear bond stress-slip relation 
proposed by Nakaba et al. [28] is adopted here: 
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where τbFy is the maximum local bond stress, τbF is the bond stress, SFy is the slip at τbFy, and SF is 
the slip at τbF. From a series of experimental results, Nakaba et al. [28] proposed 3.5f’c0.19 (MPa) 
and 0.065 (mm) for the τbFy and SFy, respectively. In another study, these parameters are related to 
the concrete fracture energy as follows [5]: 
9 
𝜏𝑏𝐹𝑦 = 6.6√𝐺𝑓𝐹 (MPa)         (9) 
𝑆𝐹𝑦 = 0.057√𝐺𝑓𝐹 (MPa)         (10) 
where GfF is the fracture energy of the bonded area (in N/mm) and can be obtained from the 
debonding tests [50,51].  
The stress-strain profile along the FRP sheet can be obtained following a similar procedure as the 
reinforcing bars. Satisfying the equilibrium conditions on a small segment along the FRP sheet, 
the following equilibrium equation is derived: 
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where dσF/dx is the gradient of FRP stress along the sheet, tF is the FRP thickness, and 𝜏?̅? is the 
average bond stress along the segment. Starting from the first segment at midway between two 
adjacent cracks and assuming a strain increment, the stress and slip value at the other side of the 
segment and consequently the bond stress, are computed. As the boundary conditions for the first 
finite segment, the bond stress and slip at the midway between two adjacent cracks are zero. An 
iterative procedure is used in each segment until the equilibrium condition is satisfied. The 
flowchart for solving the bond-governing equations along the FRP sheet is shown in Fig. 8. It 
should be noted that the slip in the FRP sheet is calculated relative to the concrete substrate. In 
other words, the concrete deformation is subtracted from the FRP slip in each step of the analysis. 
4 Computational procedure 
The equilibrium of average stresses in tensile members can be expressed as: 
FRPxSxCxx 
~~~~            (12) 
where, FRPx
~  Sx
~ , Cx
~  are the stresses in concrete, reinforcing bars, and FRP sheets, respectively. 
The cracks are perpendicular to the element axis and therefore the concrete contribution is only 
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limited to the bridging stresses at the crack plane. Investigating the effect of shear stresses at the 
crack plane in FRP-strengthened RC elements has been presented and discussed elsewhere, see 
[25]. Considering a unidirectional RC element, the contribution of reinforcing bars can be 
expressed as sxsxSx  
~  where, sx  is the longitudinal reinforcement ratio and sx  is the spatial 
average stress of reinforcement along its axis. Similarly, the contribution of FRP can be expressed 
as FxFxFRPx  
~  where, Fx  is the longitudinal reinforcement ratio and Fx  is the spatial average 
stress of FRP along its axis. The equilibrium of the local and average stresses in RC domain gives: 
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where 𝜎𝑠𝑥
𝑐𝑟 and 𝜎𝐹𝑥
𝑐𝑟 are the steel and the FRP local stresses at crack plane, respectively. Based on 
the compatibility relationships, the strains in the longitudinal direction (x-y coordinate system) can 
be expressed [25,52].  
The computational procedure for simulating the total tensile response of elements can be 
summarized as follows, see Fig. 9. It is initially assumed that the element is not cracked (n=0, n is 
number of cracks) and the average spacing between cracks is therefore equal to the element length 
(Lc=L). The following steps are then taken for the analysis: (1) An average strain in the element is 
assumed; (2) The average spacing between cracks is calculated, Lc=L/(1+n); (3) The local and 
average strain and stress profile of the reinforcing bars along the element are calculated through 
an iterative procedure until the average strain in the reinforcing bar is equal to the assumed average 
strain in step 1. The iterative procedure and computational steps for this part are based on the 
flowchart presented in Fig. 7; (4) The local and average FRP strain and stress profiles along the 
element are calculated through an iterative procedure until having the average strain in the FRP 
sheet equal to the assumed average strain in step 1. The iterative procedure and computational 
steps for this part are based on the flowchart presented in Fig. 8; (5) The average and local stresses 
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in concrete are calculated. If the local tensile stress in concrete is less than its tensile strength, the 
element is not cracked and the computation is continued by going back to step 1 and increasing 
the assumed average strain. If the local tensile stress in concrete becomes larger than its tensile 
strength, the element is cracked and therefore the number of cracks (n) is updated; (6) The 
maximum stress in steel and FRP sheet are checked. If the maximum stress exceeds their 
corresponding strength, the failure is occurred. If failure occurs in both steel and FRP, the 
procedure will be terminated. Otherwise, the procedure is continued from step 1 by assuming a 
larger average strain. The modified Newton-Raphson method is used here for iterative solving the 
nonlinear equations. 
5 Model validation and exploitation 
The accuracy of the proposed model is investigated in this section by comparison of the analysis 
results with experimental tests performed by Ceroni et al. [6]. The tests consisted of direct tensile 
tests on GFRP and CFRP strengthened RC ties for investigating their cracking and tension 
stiffening behavior. The material properties and strengthening details of the specimens are 
presented in Table 3.  
The main inputs of the developed program are materials properties (presented in Table 3), concrete 
fracture energy, and FRP-to-concrete bond properties. The FRP-concrete bond properties are 
dependent on several factors including the bond quality and mechanical properties of the FRP and 
the substrate. If the bond fracture energy, GfF, is available from debonding tests, Eqs. (9-10) can 
be used for calculation of these parameters. In the case of the selected experimental results, as such 
information are not available, a calibration of the bond-slip law parameters is necessary [7]. Ceroni 
et al. [7] performed a parametric study on the effect of bond parameters on the tensile response of 
FRP-strengthened concrete components. They observed that increment of the bond strength, τmax, 
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causes a stiffer behavior before steel yielding and a higher yielding load. On the other hand, a 
reduction of maximum slip, smax, leads to a less stiff behavior after yielding, and increasing the 
slip corresponding to the bond strength leads to a larger deformation before reinforcement 
yielding.  
Although a different bond-slip law is used here, the results obtained from the developed 
computational framework confirm observations reported in Ceroni et al. [7]. As an example, the 
effect of bond strength, 𝜏𝑏𝐹𝑦, on the tensile response of TP1-C1 specimens is shown in Fig. 10 (a). 
It can be observed that increasing the 𝜏𝑏𝐹𝑦 leads to increment of pre-yield stiffness and the yielding 
load in the specimen response. The local stresses in FRP sheet and the bond stresses at FRP-
concrete interface along the element are also presented in Fig. 10 (b) for the case of specimen TP1-
C1 with 𝜏𝑏𝐹𝑦 = 4.5 𝑀𝑃𝑎. It can be observed that the bond stresses reach the softening range with 
load increment. This is an evidence of initiation of FRP delamination and can be captured with the 
developed framework. The calibration results showed that the 𝜏𝑏𝐹𝑦 = 3.0 𝑀𝑃𝑎 and 𝑆𝐹𝑦 =
0.05 𝑚𝑚 produce the most accurate results, as also suggested in [7]. For this reason, these values 
are used for simulation of the tensile response of the next beams. 
The fracture energy of plain concrete is assumed to be 0.15 N/mm for all the cases as suggested in 
[53]. As it was shown in Fig. 3 there is a large variation in the fracture energy of plain concrete 
when different models are utilized. This variation is in the range of 0.05-0.15 N/mm for the normal 
strength concrete, (a range of 0.1 to 0.15 is suggested in [53]). The results from the numerical 
analysis, however, show that the effect of fracture energy on the tension stiffening response of 
FRP-strengthened beams with a normal strength and reinforcement ratio more than the critical 
ratio is negligible, see Fig. 11. The assumption of fracture energy as 0.15 N/mm therefore seems 
reasonable in the presented simulations. 
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The behavior of four specimens is simulated with the developed computational model and the 
results are presented in Fig. 12. Reasonable agreement is found between the analytical and 
experimental results in terms of specimens’ stiffness and behavior in the pre- and post-yield range 
of the reinforcement. The yielding point of the reinforcement has also been accurately predicted.  
The developed computational model simulates the average tensile response of strengthened 
specimens based on the local stress transfer mechanisms at the crack plane and thus the 
contribution of each component (concrete, steel and FRP) in the total tensile behavior can be 
monitored. It should be noted that the observed difference in the initial stiffness of the numerical 
results and experimental curves is due to the fact that the specimens were preloaded until cracking 
before performing the tension stiffening tests. Additionally, the experimental tests were aborted 
when FRP debonding occurred in the specimens and therefore the ultimate capacity of the beams 
were not reached during the tests. This latter is the reason for the observed differences in the 
ultimate load of the specimens in experimental and numerical simulations. 
The evolution of cracks along the element and thus the crack spacing can also be analytically 
obtained, see Fig. 13. The presented tension stiffening curve, for specimen TP-C1, clearly shows 
the crack development in the specimen. It can be observed that with formation of each crack in the 
element, the tension stiffening curve shows a local drop. Upon reaching a certain tensile strain, the 
cracks stabilize and no more cracks occur in the specimen. The average response of steel and FRP 
sheets can also be obtained with the aim of the developed program as in Fig. 13(a) for specimen 
TP-C1. 
6 Micromechanics-based design relations 
A systematic parameter study is performed in this section to investigate the effect of different 
parameters on crack spacing, critical reinforcement ratio, FRP debonding strength and effective 
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bond length. Based on the performed parameter study, micromechanics-based relations are 
extracted and proposed for each mechanism in in FRP-strengthened RC elements. When possible, 
the proposed formulas are compared with the formulas available in the codes or literature to 
evaluate the accuracy of the derived relations in the present study. Quantitative evaluation of the 
accuracy of the derived formulas in predicting the available experimental results will, however, 
presented in future studies. 
6.1 Crack spacing 
For obtaining the crack spacing in FRP-strengthened RC elements, the crack spacing in RC 
elements is combined with the crack spacing in FRP-strengthened plain concrete elements as 
proposed in [25]: 
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where Sη is the crack spacing in FRP strengthened RC element (in mm), SF is the crack spacing in 
FRP-strengthened plain concrete and Ss is the crack spacing in RC element (in mm).  
Prediction of crack spacing in RC elements has been the subject of several studies in the literature 
[12,18–21,54–57]. A number of empirical, semi-empirical and theoretical models (based on stress 
transfer at the bar-to-concrete interface) have been proposed to calculate the stabilized crack 
spacing in these elements, see Table 2 as some examples. There has been several discussions on 
the accuracy of these models in prediction of crack spacing in structural components that is out of 
the scope of the current study. In this study, the model proposed by Salem [12] is used as it is 
among the most comprehensive ones and it considers the effect of reinforcement ratio, steel yield 
strength, concrete compressive and tensile strength and bar diameter. 
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As for the FRP-strengthened plain concrete, a formulation is proposed based on a parametric study 
performed with the aim of the developed computational framework. It is assumed that the crack 
spacing is a function of concrete tensile strength, tf , FRP width, FB , FRP thickness, Ft , FRP ratio, 
F , FRP bond strength, max , and FRP elastic modulus, FE : 
𝑆𝐹 = 𝑆0 × 𝑘𝑓𝑡 × 𝑘𝐴𝑐 × 𝑘𝑡𝐹 × 𝑘𝐸𝐹 × 𝑘𝐵𝐹 × 𝑘𝜏𝑚𝑎𝑥       (15)  
where S0 is the reference crack spacing and is numerically obtained for an element with 
BF=200 mm, EF=1 GPa, tF=0.01 mm, tmax=4 MPa, Ac=5000 mm
2, ft=2 MPa. The effect of each 
parameter on the crack spacing is then investigated (by changing that parameter and numerically 
obtaining the crack spacing) and the obtained results are presented in Fig. 14. With the aim of a 
regression analysis, the variation of crack spacing with respect to variation of each of these 
parameters is formulated and normalized to the reference crack spacing. Substituting the obtained 
relations in Eq. (15) leads to the following relation: 
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6.2 FRP critical ratio 
If a plain concrete element is strengthened with a reinforcement ratio less than a critical value, 
called FRP critical ratio, only one crack occurs in the strengthened element under tensile loading 
and therefore the concrete does not show a tension stiffening behavior. In other words, the concrete 
shows a tension stiffening behavior only when the reinforcement ratio is more than the FRP critical 
ratio. This ratio can thus be used as an indicative limit for using tension stiffening models for FRP-
strengthened plain concrete elements in the smeared crack modeling approaches. 
A parameter study is conducted here on the effect of different parameters on the FRP critical ratio. 
It is assumed that the FRP critical ratio is a function of bond strength, τmax, concrete tensile strength, 
16 
ft, concrete cross-section area, Ac, FRP width, BF, and FRP elastic modulus, EF. The results are 
presented in Fig. 15 in terms of FRP sheet thickness (chosen as representative of the FRP critical 
ratio in unreinforced concrete elements). A similar approach as presented in the last section is 
followed for obtaining the correlation of these parameters with the FRP critical ratio. In this case, 
for obtaining the critical FRP ratio in a given strengthened beam, each of the above-mentioned 
parameters was reduced until occurrence of only one crack in the strengthened element. As an 
example, the procedure followed for obtaining the bond strength that leads to having FRP critical 
ratio in a given element is presented in Fig. 16. It can be seen that the bond strength of 3 MPa led 
to occurrence of seven cracks in the element, while only two cracks occurred when the bond 
strength is reduced to 2.7 MPa. Finally, only one crack has occurred in the element when the bond 
strength is reduced to 2.6 MPa. The 2.6 MPa is thus chosen as the bond strength that leads to 
having FRP critical ratio in the selected element and represents one point in the graph presented 
in Fig. 15. The results of the conducted study led to the following relation: 
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This relation can be rewritten as follows: 
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where, Fcr  is the critical FRP ratio, Ft  is the FRP thickness, FB  is the FRP width, FE  is the 
FRP modulus of elasticity, cA  is the concrete area, and max  is the maximum bond stress.  
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This relation presents at interesting physical phenomenon. A strengthened element does not crack 
when the transferred stresses from FRP are less than the concrete tensile strength. At the limit 
state, in which one crack occurs (at FRP critical ratio), the following equilibrium can be written: 
ffct AfAf             )19( 
Combination of Eq. 18 and Eq. 19 gives:  
F
F
f
f
t
c
f
Fcr
t
E
f
f
f
A
A
 max24.0        )20( 
where, ff  is the maximum FRP stress at the crack plane. Therefore, the FRP stress at the crack 
plane reaches this value, Eq. 20, when no more cracks occur in the element. In cases in which a 
strong bond exists between FRP and concrete, the FRP stress, ff , can increase up to the FRP 
rupture stress (FUF). Therefore, a more appropriate presentation of Eq. 20 can be as follows: 
)24.0,min( max
F
F
UFf
t
E
Ff          )21( 
Eq. 19 can also be written for reinforced concrete elements strengthened with FRP sheets as: 
syffct AfAfAf            )22( 
6.3 FRP debonding strength 
According to Eq. 21, the FRP stress can increase until the FRP rupture strength. However, FRP 
debonding usually occurs at much lower stress levels. When debonding occurs, crack localization 
occurs in the plain concrete at the debonded region. No additional cracks can thus be developed in 
the element, acting as concrete with FRP critical ratio. The FRP stress in this section and FRP 
debonding strength are thus equal to ff in Eq. 20. 
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The obtained numerical results showed that even after reaching the softening branch of the bond-
slip curve, after τmax, the FRP stress can still slightly increase if the FRP bonded length is larger 
than the effective bond length. This increase is in the range of 10-15% if FRP strengthening ratio 
is less than the critical ratio. The debonding stress can thus be modified as follows (in average by 
12.5% increase in Eq. 18) for plain concrete elements strengthened with FRP (strengthening 
ratio<critical ratio):  
F
F
db
t
E
f max27.0            )23( 
when FRP bonded length is longer than the effective bond length or mechanical anchorage is used, 
and if the FRP reinforcement ratio is larger than the critical ratio, several cracks occur in the 
concrete element until the element reaches a stable condition and no more cracks occur. After the 
cracks are stabilized, the bond profile changes in the element. In this condition, the FRP can still 
resist stresses until FRP debonding occurs. Eq. 23 can thus be modified as follows (strengthening 
ratio>critical ratio): 
F
F
db
t
E
f max27.0  1
Fcr
F


 ,       )24( 
In comparison, most of the available bond strength models proposed in the literature, see e.g. 
[51,58,59], are obtained based on empirical modeling, fracture mechanics or experimental results 
[22] and have a general form of FFdb tEAf / . As an example, JSCE 2001 [51] proposes the 
following relation: 
),(/82 mmNtGEf FFFdb          )25( 
Assuming fG6.6max  according to [28], this equation can be rewritten as follows: 
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It can be observed that Eq. 24, proposal of this study, is similar to this relation with the difference 
of a multiplication factor (α). The advantage of the proposed formula is that it accounts for the 
effect of reinforcement ratio on the debonding strength.  
6.4 Effective bond length 
The FRP effective bond length is defined as the minimum length in which all the stresses are 
transferred from the FRP to the substrate. Accurate prediction of this length is critical in design 
and strengthening of RC elements for ensuring the full development of FRP capacity. Several 
relations have been proposed for effective bond length, but each one lead to different predictions 
and a unified relation does not exist yet [59].  
A parameter study is performed here, following a similar procedure as presented in the last 
sections, for development of a micro-mechanics based formula for effective bond length. The 
results, presented in Fig. 17, led to the following relation: 
5.1
max
12.1

FF
e
tE
L            )27( 
The so far existing relations are mostly in the form of fFF GtEA / . As an example, Dai et al. 
[59] proposed the following formula, based on analytical modeling of experimental results, for the 
effective bond length:  
)
1
1
ln(
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Assuming α=0.96, B=10.4 and τmax=0.5BGf as suggested in [59,60] gives the following relation 
which is slightly different than the one proposed in this study: 
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7 Application to numerical modeling of FRP-strengthened components 
Considering the effect of FRP presence on the average response of concrete and reinforcing bars 
is critical for accurate numerical predictions using smeared crack modeling approach. This 
important issue, which has received less attention by the scientific community, is briefly 
investigated in this section. Based on a systematic parameter study performed using the developed 
computational framework, new formulas are proposed to calculate the bars average yield stress, 
FRP average debonding strength and concrete tension stiffening behavior. Application of the 
proposed average properties is then shown by numerically simulating the nonlinear response of 
two FRP-strengthened RC beams selected from the literature. 
7.1 Average properties for smeared crack modeling approach 
In RC elements, the reinforcing bars can yield at the crack plane while being elastic between two 
adjacent cracks. Depending on the reinforcement ratio, the average yield stress, yf , of reinforcing 
bars can thus be lower than the bare bars, see Fig. 18(a). Among the available models, the relation 
proposed by Salem [12] has been extensively used for obtaining the average yield stress of 
reinforcing bars in RC elements:  
)5.01(
S
Scr
yy ff

           )30( 
Application of FRP, in FRP-strengthened RC elements, leads to reduction of crack spacing and 
increment of bars average yield stress, see Fig. 18(b). A parameter study on the effect of different 
parameters on average yield stress of reinforcing bars led to the following relation: 
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here, ff is obtained from Eq. 21. A similar parametric study led to the following relation for FRP 
average debonding strength in FRP-strengthened elements: 
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
        )32( 
The tension stiffening behavior of cracked concrete can also be affected by the presence of FRP. 
The relation proposed by Maekawa et al. [53] has been extensively used for modeling the tension 
stiffening behavior of concrete in RC elements: 
ccr
cr
c
f
f
)(
1
1


            )33( 
where fc1 is the concrete tensile stress, fcr is the concrete cracking strength, εcr is the concrete 
cracking strain (usually in the range of 0.01-0.03), ε1 is the concrete tensile strain and c is a 
parameter that controls the tension stiffening behavior of concrete and is taken as 0.4 for deformed 
bars and 0.2 for welded wire mesh, see Fig. 19(a).  
The performed analytical studies showed the tension stiffening behavior of concrete in FRP-
strengthened RC elements has a good agreement with reinforced concrete elements, Eq. 33 (with 
c=0.2~0.4), until FRP debonding occurs, see Fig. 19(b). After FRP debonding, the same tension 
stiffening curve can be used if the ratio of the existing reinforcing bars is higher than the critical 
reinforcement ratio. However, if the reinforcement ratio is less than the critical ratio, a drop in this 
curve is observed due to the decrement of transferrable stresses to the concrete. The following 
changes are therefore proposed for parameter c in Eq. 33 for FRP-strengthened RC elements: 
)(4.0~2.00 dbifcc            )34( 
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where εdb is the strain corresponding to the FRP debonding. Cg can be used as 0.4 if the 
reinforcement is more than the critical ratio. In case if the reinforcement is less than the critical 
ratio, this value depends on several parameters such as element size and fracture energy but can 
be approximately used equal to 1. 
7.2 Nonlinear analysis of selected beams 
The proposed average constitutive models for FRP-strengthened concrete elements are used in this 
section for simulating the nonlinear response of two FRP-strengthened RC beams selected from 
the literature [61]. The beams were constructed with a length of 4500 mm, width of 180 mm, height 
of 500 mm and effective height of 425 mm. Twelve longitudinal bars with db=16 mm were placed 
at the bottom (in the tensile region) and two with db=16 mm at the top (in the compressive region) 
of the beams with no stirrups. The beams were strengthened with different FRP thickness and 
directions. Four point bending tests were performed on the beams to investigate the effect of FRP 
strengthening on their mechanical performance. The beams RC1 and C5, strengthened with 
diagonal FRP sheets, are selected here for numerical simulation. The material properties, reported 
in [61], are presented in Table 4. 
The beams are simulated in WCOMD program according to the experimental conditions. The 
average material properties, obtained according to the proposed relations in the last section, are 
used as the input of the numerical model. Eqs. 33-34 are used for modeling the tension stiffening 
of the concrete. In these equations, it is assumed that c=0.25 for the plain concrete elements or 
elements with reinforcement ratio less than the critical ratio, c=0.2 for RC elements reinforced 
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with FRP, and c=0.4 for RC elements. Nonlinear static analysis is performed on the beams 
according to the experimental details to simulate the force-displacement curves and load bearing 
capacity. 
The numerical force-displacement curves, presented in Fig. 20, shows a good agreement with 
experimental results. The stiffness and load bearing capacity of the beams is fairly near to the 
experimental results showing the suitability of the proposed modifications in the material 
properties. The numerical results show 13.83% and 6.5% underestimation of the capacity of the 
C5 and RC1 beams, respectively, compared to the experimental results. Although the numerical 
predictions are in an acceptable range, a deeper analysis of the accuracy of the proposed 
formulations and modeling strategy in predicting the nonlinear response of FRP-strengthened RC 
beams will be further investigated in future studies. 
8 Conclusions 
A computational framework was presented for simulating the tensile response and tension 
stiffening behavior of FRP-strengthened RC elements. In this model, all the local stress transfer 
mechanisms at the crack plane including the concrete bridging stresses, steel tensile behavior, FRP 
tensile behavior and the interactions between them (i.e. the bond behavior at FRP-concrete and 
bars-concrete interfaces) are simulated. Based on the developed model, the cracking response and 
tension stiffening behavior of FRP-strengthened RC elements can be followed. 
The model, after validation with experimental results, was used for development of 
micromechanics-based design relations for calculating the crack spacing, FRP critical ratio, FRP 
debonding strength and effective bond length in FRP-strengthened RC elements. Among the 
advantages of the proposed relations are that (i) the relations are obtained based on 
micromechanical modeling, thus have a physical background for each mechanism in contrary to 
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the empirical-based or experimental-based relations that are usually obtained by regression 
analysis and fitting, and (ii) the relations are applicable for investigating the mechanics of 
undamaged and deteriorated elements. The latter can be achieved by simply implementing the 
deteriorated material/bond properties in the simulation to investigate the effect of local material 
degradation on the structural response of strengthened RC components. 
The results from analytical simulations showed that the FRP presence affect the average response 
of reinforcing bars and of concrete tension stiffening behavior. Based on a systematic parameter 
study, suitable constitutive models were proposed for each of these mechanisms. The application 
of the proposed models in smeared crack modeling was also shown by simulating the nonlinear 
response and load bearing capacity of two FRP-strengthened RC beams selected from literature. 
Detailed analysis of the accuracy of the proposed formulations will have to be followed with 
further comparisons with experimental results in future works.  
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Table 1. Analytical formulas for calculation of fracture energy of plain concrete. 
Reference Formula 
CEB-FIP-90 [35] 𝐺𝑓 = (0.0469𝑑𝑚𝑎𝑥
2 − 0.5𝑑𝑚𝑎𝑥 + 26) × (
𝑓′𝑐
10
)0.7 
CEB-FIP 2010 [37] 𝐺𝑓 = 73 × (
𝑓′𝑐
10
)0.18 
JSCE [34] 𝐺𝑓 = 10 × 𝑑𝑚𝑎𝑥
0.33 × 𝑓′𝑐
0.33
 
Bazant and Becq-Giraudon [36]* 𝐺𝑓 = 2.5𝛼°(
𝑓′𝑐
0.051
)0.46(1 +
𝑑𝑚𝑎𝑥
11.27
)0.22(
𝑤
𝑐
)−0.3 
*α˳ is 1 for rounded aggregate and 1.44 for crushed aggregates; w/c is the water to cement ratio 
 
Table 2. Analytical formulas for calculation of crack spacing in reinforced concrete. 
Year Reference Formula 
1965 Broms (1965) [62] 𝑆𝑠 = 2𝐶 
1972 Beeby (1972) [54]  𝑆𝑠 = 1.33𝐶 + 0.08𝑑/𝜌𝑠 
1983 Rizkalla et al. (1983) [55] 𝑆𝑠 = 5(𝑑 − 7.2) + 1.33𝐶 + 0.08𝑑/𝜌𝑠 
1990 CEB-FIP 1990 [35]* 𝑆𝑠 =
2
3
𝑑
𝐴𝑐
3.6𝐴𝑠
 
1998 Salem (1998) [12] 𝑆𝑠 = 1.76𝜌𝑠
−0.5𝑓𝑦
0.1𝑓′
𝑐
−0.4𝑑(1 + 𝑓𝑡) 
2004 EC2 (2004) [56] ** 𝑆𝑠 = 2𝐶 + 𝑘1𝑘2𝑑
𝐴𝑐
4𝐴𝑠
 
2017 Kaklauskas et al. (2017) [21]*** 𝑆𝑠 = 0.44(𝑑 − 𝑦0) +
1000
3
𝜀𝑠𝑑 + 𝐸𝑠𝑑
𝜀𝑠 − 𝜀𝑠0
𝑓′
𝑐
 
* As is the reinforcement area and Ac concrete effective area. 
**k1=0.8 for deformed bar and 1.6 for plain bar; k2=0.5 for bending and 1.0 for pure tension. 
***𝜀𝑠 is the reinforcement strain at crack and 𝜀𝑠0 is the minimum reinforcement strain between two cracks 
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Table 3. Properties and retrofitting details of the selected specimens for validation, taken from 
[6]. 
Specimen 
Concrete Reinforcing bars FRP 
fc 
(MPa) 
ft 
(MPa) 
db 
(mm) 
fy 
(MPa) 
fsu 
(MPa) 
Es 
(GPa) 
ρs 
(%) 
FRP 
Type* 
FRP 
Layers 
ffu 
(MPa) 
ρFRP  
(%) 
EFRP 
(GPa) 
TP1-C1 31.6 2.6 10 588 670 200 0.785 CFRP 1 2830 0.222 270 
TP1-G4 31.6 2.6 10 588 670 200 0.785 GFRP 4 1016 0.800 65 
TP2-C2 34.7 2.7 14 560 633 200 1.539 CFRP 2 2830 0.444 270 
TP2-G4 34.7 2.7 14 560 633 200 1.539 GFRP 4 1016 0.800 65 
*tF (GFRP)=0.1 and tF (GFRP)=0.111 [6]. 
 
Table 4. Material properties of the selected beams, taken from [63].  
Specimen 
type 
Concrete Reinforcing bars CFRP 
RC1 67.4 45.1 16 500 210 0.11 4500 234 
C5 71.4 46.5 16 500 210 0.17 4500 234 
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Fig. 1. Stress state in cracked FRP reinforced concrete tensile members. 
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Fig. 2. Bond stress transfer at the bar-to-concrete and FRP-to-concrete interfaces. 
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Fig. 3. Fracture energy of plain concrete in terms of compressive strength. 
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Fig. 4. Bond stress and strain distribution along the reinforcing bars. 
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Fig. 5. Bond deterioration at crack plane. 
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Fig. 6. State of stresses along each segment of reinforcing bars. 
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Fig. 7. Flowchart for computing the stress-strain profile along the reinforcing bars. 
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Fig. 8. Flowchart for computing the stress-strain profile along the FRP sheets. 
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Fig. 9. Flowchart of computation of the tensile response of FRP-strengthened element. 
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(a) (b) 
 
 
Fig. 10. (a) Effect of τmax on the tensile response of TP1-C1 specimen; (b) FRP-concrete bond 
stress variation with load increment in TP1-C1 with 𝜏𝑏𝐹𝑦 = 4.5 𝑀𝑃𝑎. 
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Fig. 11. Effect of concrete fracture energy on tension stiffening response of TP1-C1 specimen. 
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(a) (b) 
  
(c) (d) 
Fig. 12. Comparison of experimental and numerical results: (a) TP1-C1; (b) TP1-G4; (c) TP2-
C2; (d) TP2-G4. 
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(a) (b) 
Fig. 13. (a) Concrete tension stiffening; (b) FRP/steel average response. 
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Fig. 14. Parametric study on crack spacing in FRP-strengthened plain concrete elements. 
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Fig. 15. Parametric study on FRP critical ratio in FRP-strengthened plain concrete elements. 
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Fig. 16. Procedure followed for obtaining the FRP critical ratio. 
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Fig. 17. Parametric study on FRP effective bond length. 
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(a) (b) 
Fig. 18. Average response of reinforcing bars in: (a) RC elements; (b) FRP-strengthened RC 
elements. 
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(a) (b) 
Fig. 19. Tension stiffening model for: (a) RC elements [53]; (b) FRP-strengthened RC elements. 
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(a) (b) 
Fig. 20. Experimental and numerical response of FRP-strengthened RC beams: (a) RC1; (b) C-5. 
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